A statistical thermodynamic model is developed for chain molecules with simple RNA tertiary contacts. The model, which accounts for the excluded volume effect and the nonadditivity in the free energy, enables reliable predictions for the conformational entropy and partition function for simple tertiary folds. Illustrative applications are made to conformational transitions involving simple tertiary contacts. The model can predict the interplay between the secondary and the tertiary interactions in the conformational changes. Though the present form of the theory is tested and validated in a two-dimensional lattice model, the methodology, which is developed based on a general graphical representation for chain conformations, is applicable to any off-lattice chain representations. Moreover, the analytical formulation of the method makes possible the systematic development of the theory for more complex tertiary structures.
I. INTRODUCTION
Biopolymers fold into compact three-dimensional structures. For ribonucleic acid molecules ͑RNAs͒, we can distinguish the structures at the level of secondary and tertiary structures. Secondary structures consist of a list of intrachain contacts ͑=base pairs͒ such that any two contacts ͑i , j͒ ͑i Ͻ j͒ and ͑k , l͒ ͑k Ͻ l͒ are either nested ͑i Ͻ k Ͻ l Ͻ j͒ or unrelated ͑i Ͻ j Ͻ k Ͻ l͒. According to the intrachain contacts, we can decompose a secondary structure into relatively independent secondary structural motifs ͑subunits͒, such as helices ͑=stacked base pairs͒ and loops. Tertiary structures consist of intrachain contacts ͑i , j͒ ͑i Ͻ j͒ and ͑k , l͒ ͑k Ͻ l͒ that are crossing-linked ͑i Ͻ k Ͻ j Ͻ l͒. The tertiary structure describes how the different parts of the secondary structures are brought together by the tertiary crossing links to form a compact three-dimensional structure. According to such definitions for the secondary and tertiary structures, probably the simplest tertiary structure is an RNA pseudoknot, which contains nucleotides in the loop paired with nucleotides external to the loop.
Different subunits of a RNA secondary structure are not crossing linked, so they are relatively independent of each other. As a result, the total free energy can be approximately computed as an additive sum of the free energy of each subunit.
1-3 Such additivity makes it possible to use the computationally efficient dynamic programming to predict the native structure and the equilibrium thermodynamics for secondary structures. 4, 5 Based on the free energy additivity and the experimentally measured parameters for individual base stacks and loops, [6] [7] [8] several statistical mechanical models have been developed for RNA secondary structures. 5, [9] [10] [11] [12] [13] [14] [15] [16] [17] A recent model goes beyond the additivity assumption by considering the excluded volume interferences between neighboring subunits. [12] [13] [14] [15] [16] The nonadditive model gives the partition function as a product of the matrix-form partition function of each component subunit. The model gives good predictions for the melting curves and the free energy landscapes. 14 Though RNA tertiary interactions, which are formed in the late stage of folding, are generally weak as compared to interactions in secondary structures, they play a variety of crucial structural and functional roles. Despite the extensive experimental [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] and computational studies [29] [30] [31] [32] for the pseudoknots and tertiary structures, our ability to model RNA tertiary folding thermodynamics is still very limited. This is mainly due to two interrelated problems: the lack of energy parameters and the lack of a statistical mechanical model. Experimentally, it is hard to obtain the tertiary energy parameters because the crossing links in the tertiary structure cause strong correlations between different structural subunits, which result in a very convoluted interplay between the secondary and tertiary interactions and between the different tertiary interactions. We need a model to deconvolute the experimental results and to extract the thermodynamic parameters from the experimental measurements.
Due to the interdependence of different structural subunits, the conformational entropy and the free energy become nonadditive, i.e., the conformational entropy and the free energy of the chain are not equal to the sum of the conformational entropy and the free energy of each individual subunit. As a result, the parameters for individual loops and stacks alone are not sufficient for the prediction of pseudoknot thermodynamics. We need a model that can account for the coupling between different structural subunits. In this paper, we present a statistical mechanical model that can treat such coupling through simple tertiary contacts. The development of such a model would enable us to extract the thermodynamic parameters from the thermodynamic experiments. 33, 34 A major challenge in the prediction of the tertiary and pseudoknot thermodynamics is how to evaluate the loop entropy. Several attempts have been made to compute the loop entropy for RNA pseudoknots. 29, 31, 32, 35, 36 For example, a set of thermodynamic parameters for RNA H-pseudoknots has been proposed by Gultyaev, Batenburg, and Pleij. 31 Used in structure prediction programs, the parameters can give a better approximation then the previous one. 30 These models used the Stockmayer-Jacobson approximation, where the excluded volume ͑self-avoiding͒ effect and the nonadditivity effect are not explicitly considered. A recent statistical mechanical model 36 can give accurate prediction for the thermodynamics of the canonical pseudoknots with two stems and two loops. In the present study, we focus on general conformations with simple tertiary contacts, for example, the one where two secondary structures are brought into contact by simple tertiary contacts, so the conformations addressed in the model include a broader class of tertiary folds. Moreover, the present theory is developed according to the increasing conformational complexity, therefore, it has the potential to be systematically generalized to treat more complex tertiary folds.
II. POLYMER GRAPH AND PARTITION FUNCTION
Our approach is based on the graphic representation of intrachain contacts. 12, 13, 16, 37 A polymer graph consists of vertices for the monomers and straight line links for the covalent bonds connecting the monomers. Monomers in spatial contact ͑base pairs in RNA͒ are also connected by curved links. A polymer graph represents an ensemble of chain conformations that contain the intrachain contacts specified by the curved links in the graph. There are three possible relationships between two contacts ͑curved links͒: nested, unrelated, and crossing linked. Secondary structures involve only nested and unrelated contacts. In the present study, we focus on conformations having tertiary interactions, i.e., having crossing links in the polymer graph.
In terms of the polymer graph, the partition function can be calculated as a sum over all possible graphs,
where k B is Boltzmann's constant, T is the temperature, E is the energy, and ⍀ is the number of viable chain conformations for the graph. We assume that the intrachain contacts determine the energy E, as a result, a graph represents an equal-energy conformational ensemble. A central problem in the calculation of the partition function and the prediction of the statistical thermodynamics is the evaluation of the conformational count ⍀.
In the present study, we focus on a large class of graphs ͑conformations͒ that involve simple tertiary contacts, namely, graphs formed by adding simple curved ͑tertiary͒ crossing link͑s͒ to an otherwise secondary structure polymer graph. In the model development, in order to illustrate the theory, we will systematically add tertiary links so that they cross one, two, three, and more links in the otherwise noncrossing links. We compute the conformational entropy for each graph and the partition function Q͑T͒ for all the possible secondary structures ͑noncrossing contacts͒ and all the tertiary structures that can be represented by simple crossing links. Our theory is based on a graphical representation for the intrachain contacts ͑base pairs͒, so the general methodology does not depend on any specific chain representation. However, for the purpose of illustration, we use twodimensional lattice to represent chain conformations.
III. CONFORMATIONS WITH TWO CROSSING LINKS
We first treat conformations that can be represented by graphs that contain only two crossing-linked contacts. Such type of graphs represent a large class of conformations because the graphs can contain an arbitrary number of nested or unrelated contacts and so in general can form complex secondary structures. In the conformational space, the crossing links provide linkers for the different secondary structures.
A. Basic graphs with two crossing links
We start with the simplest elementary graphs that contain only two contacts, which are crossing linked; see contacts ͑1,i͒ and ͑j , N −1͒ in Fig. 1͑a͒ . Our goal in this section is to develop a theory to count chain conformations for such a graph. To focus on how the curved links affect the conformational statistics, we neglect the dangling tails, which involve no curved links. We use only single monomers ͓la-beled as 0 and N in Figs. 1͑a͒ and 1͑b͔͒ linked part of the conformation. The full tails will be added back in the final partition function calculation to keep the completeness of the conformational ensemble.
As illustrated in Fig. 1͑b͒ , the whole chain conformation can be decomposed into two loops A and B. Loops A and B are correlated through ͑1͒ the interface from monomer j to monomer i, namely, the ͑common͒ chain segment j → i should have exactly the same conformation in both loops, and ͑2͒ the steric hindrance ͑the excluded volume effect͒ between the two loops. As a result, the total number of the chain conformations is usually much smaller then the product of the number of conformations of each individual ͑iso-lated͒ loop.
In general, exact calculation for the excluded volume interactions between A and B is not viable. However, since the excluded volume interferences between A and B occur mainly near the interface, we can focus on the interface, which is a much simpler and a much more manageable system. To account for the excluded volume in the vicinity of the interface, we define an "enlarged interface" as the system consisting of the interface and its neighboring monomers. Specifically, as shown in Fig. 1͑b͒ , the enlarged interface I consists of monomers 0, 1, 2 and N −2, N −1, N in addition to the chain segment from monomer j − 1 to monomer i +1. The enlarged interface can approximately account for the correlations between A and B. To describe the conformations for the other parts of the chain, we define "free loop segment" F A for chain segment from monomer 2 to j − 1 for loop A and free loop segment F B for chain segment from monomer i +1 to N − 2 for loop B. F A and F B have chain lengths of f A = j − 3 and f B = N − i − 3, respectively. For each given conformation I of the enlarged interface, we use ⍀ f ͑f A , I͒ and ⍀ f ͑f B , I͒ to denote the number of conformations for F A and F B for a given I.
With the separation of the free loop segments F A and F B from the enlarged interface I, the computation of the number of accessible conformations ⍀ for the two-contact graph in Fig. 1͑a͒ becomes tractable, and ⍀ can be computed as
where I =1,2, ... , I denotes the viable conformations of the enlarged interface, I is the number of the viable conformations of the enlarged interface. Figure 2 shows all the I = 21 conformations for an enlarged interface with a 5-mer ͑four-bonds͒ interface in a two-dimensional lattice. The number of the enlarged interface conformations I increases exponentially with the chain length of the interface. Central to the computation of ⍀ from Eq. ͑2͒ is the calculation of ⍀ f ͑f A , I͒ and ⍀ f ͑f B , I͒. In the following, in order to be specific, we use ⍀ f ͑f A , I͒ to illustrate the methodology. Due to the large number of possibilities for ͑f A , I͒, it is impractical to have a precomputed table that lists all the values of ⍀ f ͑f A , I͒ for all the possible ͑f A , I͒'s. However, as we will show in the following, through successive approximations, we can transform the calculation for ⍀ f ͑f A , I͒ into a much simpler and computationally viable problem.
General methodology
First, as shown in Fig. 1͑b͒ for the free loop segment F A and the enlarged interface I, ⍀ f ͑f A , I͒ mainly depends on the enlarged interface conformation I through the positions of the two ends of the enlarged interface ͑i.e., monomers 2 and j −1͒ and the excluded volume interactions between F A and I in loop A. Therefore, for ⍀ f ͑f A , I͒ we can approximately represent the conformation I of the enlarged interface by the chain length of the interface l int ͑=i − j͒ and the end-end vector R A = the vector from monomer 2 to monomer ͑j −1͒ ͓see Fig. 1͑b͔͒ . We note that R A is also equal to the end-end vector of F A . A larger end-end distance corresponds to more stretched conformations of I and F A , and gives less accessible conformations, i.e., a smaller ⍀ f ͑f A , I͒. Through this approximation, we can compute
Second, for more complex graphs with multiple crossing links and multiple interfaces, it is hard to track the conformations for each of the enlarged interfaces. So it would be much more convenient to use the interfaces rather than the enlarged interfaces. Therefore, we simplify the R A dependence by the R int dependence, where R int is the end-end vector of the interface ͓see Fig. 1͑b͔͒ instead of the enlarged interface. To account for the excluded volume effect, which is originally represented by the enlarged interface, we approximate the number of the conformations of the free loop segment ⍀ f ͑f A , I͒ for a given enlarged interface conformation I by the average ⍀ f ͑f A , I͒ over all the possible enlarged 
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interface conformations that have the same end-end vector of the interface R int . The resultant approximate value of ⍀ f ͑f A , I͒ would be a function of R int rather than of the enlarged interface conformation I. Third, because no intrachain contact exists for the interface chain segment, its conformation is largely extended. As an approximation, we assume that the interfacial chain does not double back. As a result, for R int = ͑x int , y int ͒, where x int = x j − x i , y int = y j − y i in Fig. 1͑b͒ , we have
The above relation shows that the x and y components of R int are not independent of each other for a given l int . Therefore, we can further simplify the dependence of ⍀ f ͑f A , I͒ on the vector R int as the dependence on a single scalar variable, say, y int . The y int dependence of ⍀ f ͑f A , I͒ is much more manageable than the original I dependence because of the much less possibilities for y int than for I. For a given vector R int the actual values of the x int and y int components depend on the coordinate system. The coordinate system should be defined in such a way that it gives consistent treatment for loops A and B. The conformation of the enlarged interface defines the directionality of the coordinate system. For ⍀ f ͑f A , I͒, we define the coordinate system by fixing the coordinates of the first three monomers, labeled as 0, 1, and 2 in Fig. 1͑c͒ , to ͑0,0͒, ͑1,0͒, and ͑1,1͒. While for ⍀ f ͑f B , I͒, we use the equivalent monomers, namely, monomers N, N − 1, and N − 2, to define the coordinate system. The correspondence between these two sets of monomers becomes obvious if we apply a rotational transformation to the two loops, as shown in Fig. 1͑d͒ . For the enlarge interface conformation shown in Figs. 1͑c͒ and 1͑d͒, R int = ͑x int , y int ͒ is equal to ͑1, 4͒ for loop A ͓see Fig. 1͑c͔͒ and ͑4,−1͒ for loop B ͓see Fig. 1͑d͔͒ .
Finally, by averaging over all the possible interface chain conformations that have the same y int , we can represent ⍀ f ͑f A , I͒ as a function of the y int of the interface chain conformation instead of R int . The resultant ⍀ f ͑f A , I͒ for a given enlarged interface conformation I is simplified as a function of y int ͑ϭ the y component of the end-end vector of the interface Х that of the free loop chain segment͒, l int ͑ϭ the chain length of the interface͒, and f A ͑ϭ the length of the free loop chain segment͒:
For example, for the enlarged interface conformation in Figs. 1͑c͒ and 1͑d͒, l int is equal to 5, and ͑y int , f A ͒ is equal to ͑4, j −3͒ for loop A and ͑−1 ,
With Eq. ͑4͒ we have
where ͑y int ͑A͒ , l int ͑A͒ , f A ͒ and ͑y int ͑B͒ , l int ͑B͒ , f B ͒ are the respective parameter sets for a given conformation I of the enlarged interface.
In the limit of very short interface chain segment, i.e., if the interface is much shorter than the free loop chain segment, l int Ӷ f, where f is the chain length of the free loop segment, ⍀ f ͑f , I͒ would be only weakly dependent on the enlarged interface conformation I. As a result, we can neglect the y int dependence of f ͑y int , l int , f͒ and approximate it by y int independent function 0 ͑l int , f͒:
where ⍀ loop is the number of conformations of the loop and l is the number of conformations for the part of the enlarged interface within the loop. For example, in Fig. 1 , for the free loop chain segment F A from monomer 2 to monomer j −1, f A = j − 3 and l int = i − j. ⍀ loop is for the loop 1 → i → 1 and l is for the chain segment j −1→ i → 1 → 2, which is part of the enlarged interface. In terms of the 0 ͑l int , f͒ function, for l int Ӷ f A , f B , we can compute ⍀ in Eq. ͑5͒ as
Illustrative calculations and tests in twodimensional lattice model
We choose a short ͑25-mer͒ chain to illustrate the method. The chain makes two crossing linked contacts, as specified by the graph in Fig. 3͑a͒ . For the given graph, the length of the interface 8 → 12 is l int = 4, and the lengths of the free loop segments are f = 5 and 9 for 2 → 7 and 13→ 22, respectively.
To compute the number of conformations ⍀ from Eq. ͑5͒, for each of the 21 enlarged interface conformations of the 5-mer interface in Fig. 2 , we need to know f ͑y int , l int , f͒ = f ͑y int ,4,5͒ and f ͑y int ,4,9͒ for the respective free loop segments. Following the step-by-step procedure presented in the preceding section for the calculation of f ͑y int , l int , f͒ function, we performed exact computer enumeration in a two-dimensional lattice and obtained f ͑y int , l int , f͒ for all the possible parameter sets for 1 ഛ l int ഛ 12 and 1 ഛ f ഛ 24. Table I shows the results for small l int and f values. For each conformation I of the enlarged interface in Fig.  2 , we determine the y int value of the interface in the coordinate system defined by the positions of monomers 0, 1, 2 for y int ͑A͒ and by the positions of monomers N, N −1, N − 2 for y int ͑B͒ .
Summing over all the 21 conformations gives the number of chain conformations for the graph
The details of calculations are shown in Table II . The exact value for ⍀ obtained from the exact computer enumeration is 49, which is quite close to the estimated result.
In Fig. 3͑c͒ , as a test for the method, we compute the number of conformations for a series of graphs with two crossing links. We again find good agreement between the analytical calculation and the exact computer enumeration.
B. More complex graphs with two crossing links
The above theory can be generalized to treat more complex graphs that contain multiple noncrossing links in addi-tion to two crossing links; see Fig. 4͑a͒ for an example. The noncrossing links bear either nested or unrelated relationships with the crossing links. Since a cluster of the nested and unrelated links forms a secondary structure, the type of graphs in Fig. 4͑a͒ can be regarded as ͑tertiary͒ crossinglinked secondary structures.
We use the graph in Fig. 4͑b͒ to illustrate the theory. The difference between the graph/conformation in Figs. 4͑b͒ and 1 comes from the additional loop A 1 attached to loop A 0 in Fig. 4͑b͒ . We treat the composite loop A 0 + A 1 as an effective loop A. The effective "free loop segment" F A for "loop A" is the chain segment from monomer 2 to monomer j − 1, and the free loop segment F B for loop B is from monomer i +1 to monomer N − 2. The interface is from monomer j to monomer i of length l int = i − j, and the enlarged interface is shown as the thick lines in Fig. 4͑b͒ .
We again use Eqs. ͑2͒ and ͑5͒ to treat the graph. The key is how to compute ⍀ f ͑f A , I͒ ͑ϭ the number of conformations for F A for a given conformation I of the enlarged interface͒. To account for the conformational constraint imposed by the additional pair ͑k , m͒ and the excluded volume interactions between A 0 and A 1 , we classify four types of conformations for the contact ͑k , m͒ in a two-dimensional lattice 12 
to denote the number of conformations for the free loop segment F A 0 which consists of the chain segment 2 → k, the contact ͑k , m͒, and the chain segment m → j −1. F A 0 has chain length of
The sum over the four types of the ͑k , m͒ contact conformations gives ⍀ f ͑f A , I͒:
͑9͒
where Y = 1 and 0 for a viable and nonviable connection between a type and a type conformation, respectively.
12
For example, Y 12 =1, Y 24 = 0. Furthermore, through exact computer enumeration for f ͑͒ 's, we find that in a twodimensional lattice Here we assume that the total length of loop A 0 is longer than 4.
Combining the above results, we obtain the following simplified expression for ⍀ f ͑f A , I͒:
For F B , from Eq. ͑4͒, we have ⍀ f ͑f B , I͒ = f ͑y int , l int , f B ͒. With the above results for ⍀ f ͑f A , I͒ and ⍀ f ͑f B , I͒ we obtain the conformational count ⍀ from Eq. ͑2͒ for the graph. We can further generalize the above method to treat more complex crossing-linked secondary structures, for example, the graph and structure shown in Fig. 4͑a͒ , where RNA secondary structures are brought into contact through the crossing-linked loops A 0 and B 0 . For such complex graphs, we need to replace the S A 1 ͑͒ vector in Eq. ͑10͒ for the loop A 1 by the corresponding vector for the complex secondary structure attached to A 0 . The computation of such vector for an arbitrary secondary structure is quite straightforward with the previously developed matrix method 12 by replacing
͑͒ with a product of matrices for the secondary structural units. If loop B 0 also has a complex secondary structure attached, similar to Eq. ͑10͒, we have
where S A 1 ͑͒ is for the secondary structure attached to B 0 . With Eqs. ͑10͒-͑12͒, we can compute the number of conformations for any crossing-linked arbitrary secondary structures.
C. Graphs with multiple crossing links in series
We can apply the above approach to treat graphs with a series of crossing links; see Fig. 5͑a͒ . We use ⍀ n , 2 ͑n͒, and 1 ͑n͒ ͑n =1,2, ...͒ to denote the number of conformations for the graph in Figs. 5͑b͒ ͑with n crossing links͒, 5͑c͒ and 5͑d͒, respectively. Using the following approximation:
we have
As shown in Fig. 5͑e͒ , test against exact computer enumeration in two-dimensional lattice model shows that Eq. ͑5͒ can give a good estimation for ⍀ n .
IV. GRAPHS WITH MULTIPLE CROSSING LINKS

A. Graphs with a tertiary contact added to a set of nested contacts
In this section we treat graphs which contain, as shown in Fig. 6͑a͒ , a tertiary contact ͑j , N −1͒ that crosses two nested links ͑1,i͒ and ͑m , k͒. In contrast to the graph in Fig.  1 , an additional contact is established between monomers m and k in Fig. 6͑a͒ , resulting in two nested loops A 1 and A 2 .
To account for the conformational constraint arising from the contact ͑k , m͒, we include the conformation of the ͑k , m͒ contact in the enlarged interface I; see the thick lines in Fig. 6͑a͒ . Correspondingly, we define the free loop segments F A 1 , F A 2 , and F B as the chain segments from monomer 2 to monomer m − 1, from m +1 to j − 1, and from i +1 to N − 2, respectively. The sum over all the possible conformations of I gives the number of conformations for the graph:
where ⍀ f ͑f A 1 , I͒, ⍀ f ͑f A 2 , I͒, and ⍀ f ͑f B , I͒ are the numbers of conformations of the respective free loop segments, and can be given by the f function defined in Eq. ͑4͒ and tabulated in Table I :
͑17͒
Using the above three equations, for a given enlarge interface conformation I, we can obtain ⍀ f ͑f A 1 , I͒, ⍀ f ͑f A 2 , I͒, and ⍀ f ͑f B , I͒ from Table I . Figure 6͑b͒ shows that the method for the calculations of ⍀ is reliable as tested against the exact computer enumeration. FIG. 5 . ͑a͒ Multiple crossing links in series, the graph and the conformation. The conformational count for graph in ͑b͒ with n crossing links can be computed using conformational counts for subgraphs ͑c͒ and ͑d͒. ͑e͒ Test against exact computer enumeration ͑filled circles͒ shows that the theory ͑empty circles͒ gives the good estimation of the number of conformations for graphs with crossing links in series.
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We can generalize the above approach to treat graphs with more crossing links; see Fig. 7͑a͒ . Similar to Eq. ͑14͒, we have
͑18͒
where I is the conformation of the enlarged interface ͓shown as thick lines in Fig. 7͑a͔͒ , and ⍀ f ͑f A r , I͒ ͑r =1,2, ... ,n͒ and ⍀ f ͑f B , I͒ are the numbers of conformations of the free loop segments in loops A r and B ͓see Fig. 7͑a͔͒ . Using Eqs. ͑15͒-͑23͒, for each given I, we can calculate ⍀ f ͑f A r , I͒ ͑r =1,2, ... ,n͒ and ⍀ f ͑f B , I͒ in terms of the f function tabulated in Table I .
B. Graphs with a tertiary contact added to a secondary structure
Using Eqs. ͑19͒ and ͑20͒, we can treat more complex graphs with complex secondary structures attached to loops A r ͑r =1,2,¯, n͒ and B in Fig. 7͑a͒ . To account for the conformations of the secondary structures attached to the loops, we use Eq. ͑10͒ to calculate ⍀ f ͑f A r , I͒ and ⍀ f ͑f B , I͒ in Eq. ͑18͒:
where S A r ͑͒ and S B ͑͒ are the conformational counts for the secondary structures attached to A r and to B, respectively. Substituting the above results for ⍀ f ͑f A r , I͒ and ⍀ f ͑f B , I͒ in Eq. ͑18͒ yields the number of conformations ⍀ for the graph.
C. Multiple crossing links between nested contacts
The graph in Fig. 7͑b͒ consists of two crossing-linked sets of nested links. The enlarged interface I is shown as thick lines in Fig. 7͑b͒ . The sum over all the possible conformations for the enlarged interface gives the number of conformations for the graph:
where 
where y int ͑A r ͒ is the y component of the end-end vector k r−1 → k r for the interface from monomer k r−1 to monomer k r , l int 
V. ILLUSTRATIVE CALCULATION FOR THE PARTITION FUNCTION
The partition function is defined in Eq. ͑1͒ as a sum over all the possible graphs. Therefore, the first step toward its calculation is to enumerate graphs. We will enumerate all the graphs involving up to four crossing links formed by a tertiary contact. We assign the interaction energy −⑀ 2 for each secondary contact and −⑀ 3 for each tertiary contact. ⑀ 3 can be different from ⑀ 2 . The energy of a graph is equal to −⑀ 2 ͓the number of secondary contacts͔ −⑀ 3 ͓the number of tertiary contacts͔. Though the present theory can treat the sequence dependence of the chain, for the purpose of an illustrative calculation, here we do not take into account the sequence and temperature dependence of ⑀ 2 and ⑀ 3 . Effectively, we consider a homopolymer. To simplify the calculation, we consider relatively short chains of less than 35 monomers ͑nucleotides͒. For longer chains, we need to include more complex graphs with more tertiary contacts and crossing links.
A. Secondary and tertiary structure elements
We can classify the crossing-linked graphs into three groups according to the number of the crossing links ͑two, three, and four͒; see Fig. 8͑a͒ for representative examples for each group of the graphs. For a given chain length, we exhaustively enumerate all the possible arrangements of the crossing links and shuffle secondary links around all possible positions on the graph so that the total number of links do not exceed four. For each generated graph, we compute the number of accessible chain conformations ⍀. Figure 8͑b͒ shows the total number of ͑two-dimensional lattice͒ conformations for each group of the graphs for different chain lengths. Also plotted in this figure is the result from the exact computer enumeration. We find good agreement between the two sets of results, especially for two-and three-crossing links graphs, the theory and the computer enumeration give nearly identical results.
The graphs so far considered do not contain tails, and we call them the structure elements. Chains which are not longer than 35 nucleotides and have up to four contacts can fold into a larger number of different secondary and tertiary structure elements. A secondary structure from monomer a to monomer b is an element if an outermost contact ͑a +1,b −1͒ is formed. For a chain segment between monomers a and b, we enumerate all the possible tertiary and secondary elements. For each tertiary element, we use the theory developed above to compute the number of chain conformations and to calculate the energy in terms of −⑀ 2 and −⑀ 3 . From Eq. ͑1͒, the sum over all the possible elements gives the "element" partition function for the segment between a and b. For a homopolymer with given ⑀ 2 and ⑀ 3 , such partition function is a function of the length l = b − a only. So we denote the element partition function as Q 0 ͑l͒.
B. Graphs consisting of one or more structure elements and single-stranded segments
To obtain the full partition function of the chain, we need to add the contributions from the tails. For a given chain length L, the graph generally can contain multiple tertiary or secondary structure elements and the tails. To calculate the number of conformations for such structures, one can, roughly speaking, multiply the numbers of conformations of each element and of each single-stranded segment.
Graphs with a single secondary or tertiary structure element. The partition function of one ͑tertiary or secondary͒ structure element with tails is given by Q 0 ͑l͒ t ͑t 1 ͒ t ͑t 2 ͒, where t ͑t i ͒ is the number of conformations of the tail of length t i ͑see Table III͒ . In fact, the number of tail conforma-tions depends mainly on the total length of tails t = t 1 + t 2 , and as an approximation, we have t ͑t 1 ͒ t ͑t 2 ͒Ӎ t ͑t −1͒. For a given total chain length L, there are t −1=L − l + 1 possible positions for a single structure element of chain length l. Therefore, the total partition function for all such graphs is
Graphs with two structure elements. In this case, the chain has three single-stranded segments, each with chain length denoted by t 1 , t 2 , and t 3 . The total length of the singlestranded segments can be determined from the total chain length L and lengths l 1 , l 2 of each structure element: t = t 1 + t 2 + t 3 = L − l 1 − l 2 + 4, and the partition function can be approximated by Q 0 ͑l 1 ͒Q 0 ͑l 2 ͒ t ͑L − l 1 − l 2 +1͒. The number of graphs containing two such elements and single-stranded segments of total length t can be found from the following considerations. t 1 can have t − 2 possible values: t 1 =1,2, ... ,͑t −2͒, t 2 can be chosen from ͑t − t 1 −1͒ possible values, and t 3 = t − t 1 − t 2 . Therefore, the number of graphs for given l 1 and l 2 is ͚ i=2 t−1 ͑t − i͒ = ͑t −2͒͑t −1͒ / 2, and the sum over all such graphs gives the partition function for graphs with two structure elements:
Graphs with three structure elements. The maximum number of structures in sequence which is allowed by restriction imposed on the total chain length is three. We estimated the corresponding partition function by FIG. 8 . ͑a͒ The three groups of the graphs ͑with two, three, and four crossing links͒ and their representative conformations. The tertiary contact is shown in bold. The structures presented are called tertiary structure elements because they do not contain tails. ͑b͒ The total number of conformations of each group as a function of the chain length l. The total number of contacts is restricted to be less than or equal to four. The results of approximate and exact calculations are not distinguishable for two and three crossing linked graphs. For the case of four crossing links, squares correspond to exact calculations, and crosses represent results from our theory.
where the coefficient
/ 2 is the number of possible sets ͑t 1 , t 2 , t 3 , t 4 ͒ obtained from considerations similar to those described above.
C. Density of states and partition function
To compute the density of states g͑E͒ ͑ϭ the total number of all the conformations that have energy E͒ for the chain of the given length, we consider all the secondary and tertiary structure elements along with the tails, such that the total chain length is fixed and the total number of contacts does not exceed four. The result for a 32-mer homopolymer is shown in Fig. 9 for three different values of ͑⑀ 2 , ⑀ 3 ͒.
From g͑E͒, we can compute the partition function as a sum over possible energy values:
From the partition function Q͑T͒, we can compute the heat capacity C͑T͒ = ‫ץ‬ / ‫ץ‬T͓k B T 2 ‫ץ͑‬ / ‫ץ‬T͒ln Q͔. The temperature dependence of the heat capacity ͑the melting curve͒ for a 30 mer homopolymer and ⑀ 2 = ⑀ 3 = ⑀ shows a single transition at the melting temperature k B T m / ⑀ = 0.22. The energy dependence of the microcanonical ensemble free energy F͑E͒ = E − k B T ln g͑E͒ for different temperatures is plotted in Fig.  10 . In order to separate conformations with and without tertiary interactions, we show them as separate points shifted along the x axis by 0, 0.1, and 0.2 for conformations with zero, one, and two tertiary contact͑s͒. For example, for E = −4⑀, we have three sets of points, corresponding to conformations that have ͑four secondary contacts͒, ͑three secondary and one tertiary contacts͒, and ͑two secondary and two tertiary contacts͒, respectively; see Fig. 10 . We define a contact as a secondary structural contact if it is part of a secondary Since the energies of secondary and tertiary contacts are taken to be equal, the secondary and tertiary conformations would be indistinguishable in the plot. To separate them, the free energies of conformations with one and two tertiary contact͑s͒ are shown by points shifted by 0.1 and 0.2 to the right along the x axis, respectively. The points on the graph are marked ͑i , j͒, where i is the number of secondary contacts and j is the number of tertiary contacts. For each point, a representative conformation is shown. For example, states ͑3,0͒ and ͑2,1͒ have the same energy 3⑀, but with 0 and 1 tertiary contact, respectively.
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Chain molecules with simple RNA tertiary contacts J. Chem. Phys. 122, 094909 ͑2005͒ structure ͑ϭ set of nested or unrelated contacts͒, and a tertiary contact if breaking it would cause the crossing-linked ͑tertiary͒ conformation become a secondary structure. For some simple conformations, the distinction between secondary and tertiary contacts is not unambiguous. For example, in the conformations marked ͑1, 1͒ in Fig. 10 , both contacts can be either secondary or tertiary. The free energy plot reveals that the most stable state at low temperature, i.e., the lowest energy state, is the one with three secondary structural contacts and one tertiary contact ͓͑3,1͒ in Fig. 10͔ . The unfolding transition from this "native" state to an ensemble of unfolded and partially unfolded states occurs around T m when they have about the equal free energies.
VI. INTERPLAY BETWEEN SECONDARY AND TERTIARY INTERACTIONS
In order to study the interplay between the secondary and tertiary contact energies, we fix the secondary energy parameter ⑀ 2 =4⑀ and change the energy of the tertiary contact ⑀ 3 . The native structure and the melting temperature will obviously change with the changing of ⑀ 3 . Figure 11 shows the free energy landscapes F as a function of E and ⑀ 3 for a 30-mer chain at different temperatures. We find that at low temperature T, independent of the tertiary energy parameter ⑀ 3 ഛ 15⑀, the native state ͑minimum free energy͒ is always the state with the lowest energy E. As the temperature is increased, there exists a critical tertiary energy parameter ⑀ 3 * such that the minimum free energy state is the highest E unfolded state for ⑀ 3 Ͻ ⑀ 3 * and shifts to a low E state for ⑀ 3 Ͼ ⑀ 3 * . As the tertiary interaction is strengthened, the foldingunfolding melting temperature T m ͑⑀ 3 ͒ would increase. So for a given temperature T, there exists a critical ⑀ 3 * determined from T = T m ͑⑀ 3 * ͒. For ⑀ 3 Ͻ ⑀ 3 * , T m ͑⑀ 3 ͒ Ͻ T, so the chain is in the unfolded state, and for ⑀ 3 Ͼ ⑀ 3 * , T m ͑⑀ 3 ͒ Ͼ T, so the chain is in the folded state.
For a given set of the ͑⑀ 2 , ⑀ 3 ͒ parameter, we can calculate the heat capacity melting curve from the partition function. From the melting curve, we can identify the temperatures at which the conformational transitions occur. From the transition temperatures, we divide the temperature range into several pretransition and posttransition regimes. In each regime, we find the most stable state. By performing the analysis for the melting curves and the free energy landscapes for different ͑⑀ 2 , ⑀ 3 ͒ parameter sets, we are able to obtain the phase diagram for different parameters ͑T , ⑀ 3 ͒ ͑Fig. 12͒. The chain has different stable structures in different ͑T , ⑀ 3 ͒ regions. The stable state in the phase diagram is marked with ͑n , m͒ for structures with n secondary and m tertiary contacts. The energy of the corresponding structure is n⑀ 2 + m⑀ 3 .
From the phase diagram, we find in the region where ⑀ 3 is comparable with ⑀ 2 , the chain undergoes multiple transitions in the melting process. Overall speaking, the melting is less cooperative due to the interplay between the secondary and tertiary interactions when ⑀ 3 is comparable with ⑀ 2 , and more cooperative when ⑀ 3 ӷ ⑀ 2 or ⑀ 3 Ӷ ⑀ 2 . In the ⑀ 3 Ӷ ⑀ 2 limit, the melting involves the secondary structural changes only, such as ͑4,0͒ → ͑3,0͒ → ͑2,0͒ → ͑1,0͒ → ͑0,0͒ for ⑀ 3 =1, here ͑m , n͒ denotes states with m secondary and n tertiary contacts. In the ⑀ 3 ӷ ⑀ 2 limit, the melting transitions mainly involve the breaking of the tertiary contacts ͓e.g., ͑2,2͒ → ͑1,1͒ → ͑0,0͒ for ⑀ 3 =14͔. In the intermediate range of ⑀ 3 , the melting transitions involve the change of either the secondary or the tertiary structural contacts ͓e.g., ͑3,1͒ → ͑2,1͒ → ͑1,1͒ → ͑1,0͒ → ͑0,0͒ for ⑀ 3 =7͔.
VII. SUMMARY
In the present study, we have established a statistical mechanical machinery for simple RNA tertiary contacts to treat the nonadditive chain entropy and the partition function, from which the thermodynamic properties can be predicted. The method that we have developed enables the calculation for the number of chain conformations and the partition function of the RNA-like molecules with simple tertiary interactions. The key idea of the method is to use the intrachain contacts to subdivide the conformation into different loops, and to assume that the excluded volume interferences between the loops predominantly come from the excluded volume of the monomers near the interfaces between the loops. The method has been shown to give accurate results for twodimensional lattice test systems. Several simple types of tertiary folds are considered in the present work. These types of tertiary folds represent a large class of RNA tertiary structures. Applications to an illustrative simple model suggest that the interplay between the secondary and tertiary interactions can cause rugged free energy landscape and noncooperative melting transitions. Moreover, the generality of the above basic idea for the method suggests that the method may be extended to treat more complex tertiary topologies that involve multiple crossing-linked tertiary contacts. In addition, the method is developed based on the graphic representation of the structure and is thus general in terms of chain representation. The method can be implemented in more realistic off-lattice chain representations. Tertiary structure thermal stability is strongly dependent on the ionic solution condition. The electrostatic effect is not the focus here. But the model developed here would provide a more complete statistical mechanical framework for the modeling of the electrostatic interactions.
